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合成的o

Summary

Goal Understand this diagram
Reference Burklund Subramanian arXiv 2403 06724

Pstrqgowski arXiv 1803 01804

l Motivations

Q When can X xtaw.ee
AI
p.A2Xbddbelow

p complee H XisI complete

IDEA can induces iso on Ez pages of corves
Adams SS

RHS needs skeleton filtration AdamsSS

then take Lim

Very direct in Synthetic Spectra



Motivic CT method

Use to tackle the Last Kervaire problem

i Bockstein SS c s ANSS

2 Synthetic Spectra

Slogan Sp assoc AdamsSS

encode info T Adams SS

Convention presentable stable sym.mon.es cat

Def PE Sp is called finite E projective if
D P E Sp

W

2 E P projasExmoddfg.siSp all such spectra
Here E satisfies

11 Acs ring E ⼀ring

2 Adams type Y
E E colimn En

En E SpfĚ
IEEnEHomE E En.E

eg.HIHFp.Kcnl.Landueber
exact functors e.g MU



Def Product preserving sheaf of spectra
X CH C E XCC I Xcc

Def E based synthetic spectra SynE Shui SEP

F pre sheafofsp
I comes w a

funetorllaxsym.mon.lu
Sp SnE

called synthetic analogue

ou
Construction v Sp 8 Shui SE SynE

y Yoneda emb X 1 Mapspi ⼀ X

Properties 1 U preserves filtered colims

fullyfaithful additive

2 X f Y 8

zcofibseq.thenvxvf.is28 vZ cofibseq

I
Ex f E Y 8

Exzs.e.s.sn
ztwsw.DefBigradedspheveHereSw

EN

Htpy of synthetic sp T.w X 5 X



Lem PE SEP X E SgnE Then

1 Map UP X 2 XCP

2 Tt w X E Tew X SW

pf LHS E Map E Map ⼀ P X

E Map Map ⼀ P S2 X

RHS

Cor X E Sp Tt w vX t TX when t w 0

pf it.w UX T w vX S 1

T w Map SW X

TeX

i map

Def T v5 s 2 v5 induced by 25 5

s i 1 s i.o

T E T S To 50
0 1 500 I v5 US

Prop P E Si X E SuE
Ʃ妥 品 It ㄨ Ʃ wp

2 commutative diagram

Ʃ X P
T Ʃ X P

E



ˇ ˇ

XCIP RXCP

中 is called colim to.li m compassion

T X E

pf i LHS 5 W x It w usW x

It W USW x IT YIWWX

FACT I Piotr Lem 2.27
M

ycc psh e Psh e
ㄇ

c e ieekntcssitenysgm.mon.ser
blahblah

I w_wX US x y S x e x 5

Rest omitted

27 by ⽌

Question To500
Ct cofib i e E o S0 has an En algstr 50
Similary I vX Tˇ UX Ct 2X 1

Ct vX E Eo vX

H X E SynE can find IXn3ESgnES.to
2

T 为 x T X Xo X

ˇ ˇ ˇ

Cr X2 G X G Xo
induced y 1



T invertible synthetic spectra

Def X E SynE is T invertible if T
0
X s x

Write Syn Ect all such things

FACT SgnE t 等 Su

ETX colin X Ti I X T I x

Map i'X Y Map colimn Ʃ X Y

limn Map X Ʃ Y

limnMap X Y Map X YI

Let ㄚX presheaf of spectra
HP E SE YLXI P F P X

Note vX FIP.X 0

Pnop 1 uX Y X T inversion

ie.tvX E Y X

2 YCXI 0 UX

pf UX YCX7 s C

家 品 运 ˇ

Fr recall IT X X IEP RXCP

YX I P F EP X

⼼



RFC P.X RYCXI P

Ʃ Y X 1P ƩY X EP E YIX P

Y E SyECT
Tking it into

tv X E'ㄚX s r C

花
Suffice to show e C 0

FACT XESynE.k.co connective for some KEI
Lem 4.35 then i'X E 0

Thm 4.377 Y fully faithful lax sym mon

Sp Is SynE il E Mod is00 1SynE

modules in SynE T'S

Cor v Sp SynE fully faithful emb

Def Underlying functor

X E SynE T X colinƩ 5

Properties D SynE I SP

2 Z E Sp Ti Z E Z

3 51St W St
Tt.w X E Tt T'X E colimk Tt.k X



More on Modct

Hovey's stable cs.cat of comodules Stabler

D Comodi bad Honey 03

Instead he constructed a difrent model str
on ChiComod⼀ we htpy iso nesp ihǒy

Recall cheehyhiijui.tv照 Di Stabler
Kee Che
iagcliivverdiver9

0htiy.atDCC c

FACT D Stabler has all desired prop in DCComodi
2 will recover Ez page of ASS

Stable 1 5 A 5 M EXIT A.M

where IA.TIHrfalgebw.cl
5 ⼀ trivial cpx concentrated at deg 0

3 Piotr.Thm 3.7

sahki p_fiiotdizahui
cowdiihesfpvah.nl

Again assume E E Adams type P E E

E Spi Comodi
Shnisi shui Comodi



Lem 4.43 E Sign
E Saiki Ʃ

Here E UX U E X

or E sheafification o Lan区
E X P E X E P or Ʃ precomposition

Induced hy Ex

FACT E strict 9m mon

I 忌here dnopsymƩ lax

Lem P E SES CT UP E E E P

Thm 4.46 adjoint pair

Stablep
T Moda SynE

sgmímon

Note that I seahler E P E E

Stabler ⼥ Moda SynE

Et

SynĚ
E E E G

1 ⼥ I E P Ci UP

2 XX CT UP E UP E P



Prop X 7 equiv if TFAE

E Landweber exact

E has
enonghpnojeetives.i.e.SE

P PESÈP了 gen Stablep through colin Ʃ

3 Applications

X Y E Sp 正 mth tells ns as a corollary

UY.ci UX It.w E ExtWE㐂 区Y 区XI
Notation X Y w Stw X Y Y IX

Replace Y by then

v5 5 CT v X

5 Cr UX

Tt w Ce UX

ExeWĒIĚ E E X

T w CT UX E ExtĚĚWCEx E X

1 9
Ez T Bockstein SS Ez E.based AdamsSS

Can compute Adams SS by e inversion killing i



Relation to Cr method

Thm Gheorghe Wang Xu

Modci D ComodBPBp
motivic AS algebraic ANSS

Thm Piotr 7.34

After p completion

Chow Novikov Mod S
seableinu.mu

5⼼

ìuodt然iǚǐà spectralSpec
Consequence motivic Ct special case of sth.in SynE

where E MU BP


